Abstract: We point out some subtleties of the task of quantifying entanglement that seem overlooked in the standard theory of entanglement measures. In the context of a new, operational approach to the issue, Belllike inequalities prove useful for quantifying entanglement. E.g., we point out that the use of an entangled state in a protocol does not necessarily mean that entanglement as information resource has actually been employed in the execution of the protocol.
Introduction. -Quantum entanglement measures [1] (and references therein) originate from the experience with the efficient quantum information/-computation (QIC) processing [2] [3] [4] [5] [6] : "the system is more entangled if it allows for better performance of some task (impossible without entanglement)" [1] . In this context, the Bell-like inequalities (BI) [7, 8] bear only the secondary role; BI usually serve for deciding whether or not a system is in entangled state-which, as it states, is only a crude estimation of entanglement. Currently, the role of BI in QIC theory is mainly of the historical/methodological nature with only weakly established relations with the existing measures of entanglement [9] .
In this paper, we point out usefulness of BI as a "measure" of entanglement yet without referring to BI as a measure in the mathematical sense. We point out some subtleties of the task of quantifying entanglement in the operational approach to the issue. These subtleties seem generally overlooked in the standard theory, as different from our approach, which still bears generality and conceptual simplicity. In the context of our approach, BI bear the double role in quantifying entanglement. To this end, we emphasize the following conclusion (cf. Section 3): the use of an entangled state in a QIC protocol/algorithm does not necessarily mean that entanglement as information resource has actually been employed in the execution of the protocol/algorithm. And BI may be used to decide whether or not entanglement as information resource has actually been employed.
The contents of this paper are as follows. In Section 2, we keep the tracks of the standard approach [2] to the entanglement measures, yet pointing out a subtlety in operationally justifying entanglement in a system. In this context, BI prove sufficient and useful "measure"of entanglement, the physical picture being described by "entanglement relativity". In Sections 3, 4, we suggest a new approach to the task of quantifying entanglement. Partly motivated by "entanglement relativity", an analysis of quantum teleportation gives rise to distinguishing between "entanglement as a characteristic of a state (of a system)" and "entanglement as information resource". Again, BI appear useful as a "measure" of "entanglement as information resource". Section 5 is discussion. Section 6 is conclusion.
Quantum entanglement relativity. -Historically, BI serve to decide whether or not a quantum state is entangled [7, 8] . This role of BI as a "measure" of entanglement is of only a weak use in the standard theory [1, 2] . However, in this section, we show how subtle this role of BI actually is, and open some questions of interest in Sections 3, 4.
By definition [6, 10, 11] , a bipartite system is in entangled state if the state can not be written in the separable form:
where |ψ 1 , |χ 2 are the subsystems' states, and we omit the symbol of the tensor product. Whilst this definition is as simple as clear, operationally to justify entanglement is a bit subtle task. E.g., if the S-factor of CHSH inequality [8] satisfies S > 2, one may conclude that the system is in entangled state. However, the result S ≤ 2 does not necessarily imply that the state is of the separable form eq. (1) . This is what we call "entanglement relativity" (which seems generally overlooked in the theory [1] ). Namely, as it is wellknown since the pioneering paper of Bell [7] , the trick is properly to choose the observables to be measured in respect (i.e. relative) to the quantum state to be tested on entanglement.
By "entanglement relativity" we do not mean that quantum entanglement is a relative concept-according to (1), the state is either an entangled, or a separable state. What we have in mind is the fact that, operationally, quantum entanglement need not reveal itself. The following example will clarify our notions.
Let us consider the following Bell states:
By definition, these states are entangled pure states. Let us now introduce the following set of the observables to be measured on the system:
The standard S-factor of CHSH inequality [8] can be defined as follows:
As it can be easily shown, for |λ = |ψ + one obtains S = 2 3/2 , while for |λ = |φ + one obtains S = 0. Similarly, for the set of the observables
one obtains exactly the inverse situation: for |λ = |ψ + one obtains S = 0, while for |λ = |φ + one obtains S = 2 3/2 . Therefore, a quantum state that is by definition entangled state does not reveal entanglement for the wrong choice of the observables. And this is exactly what we mean by "entanglement relativity".
Interestingly enough, this relativity of entanglement perfectly fits with the Copenhagen interpretation of quantum mechanics [12] : depending on a physical situation (here: of measurement), a quantum state either reveals, or does not reveal entanglement-which is here quantified by BI. Therefore, BI as a measure of entanglement bears some subtleties not generally recognized or admitted in the standard theory of entanglement measures.
In the context of QIC theory, this observation give rise to the following question: as to the QIC protocols, does the use of an entangled state necessarily mean that entanglement as information resource has been employed in the execution of the protocol? A bit surprisingly, the answer is no. And BI prove useful again-this time in quantifying entanglement as information resource.
Quantum teleportation: an analysis. -Quantum teleportation is probably the most investigated QIC protocol [3, 6, 13] . In the original paper [3] , necessity of an entangled state in the protocol has been pointed out. However, as we point out in the sequel, certain executions of the protocol do not employ entanglement as information resource.
Actually, as it is well-known, quantum teleportation can be described by the stabilizer formalism [6, 14] . This formalism, in turn, can be efficiently simulated on a classical computer-a consequence of the profound Knill-Gottesman theorem [14] . That is, whilst teleportation requires entangled states [3] , the certain-states teleportation still can be classically simulated. But the later is fundamental for our considerations. Actually, as it is known since Bell [7] , every classical situation (here: simulation of the stabilizer formalism) can be described by a Local Hidden Variables (LHV) model, which, in turn, can be ascribed S ≤ 2 [7, 8] . At first sight, this seems controversial: there is entanglement in the system yet the physical situation is describable by S ≤ 2 as if quantum entanglement were abscent from the system. However, in analogy with "entanglement relativity", we may suppose that, operationally, entanglement need not reveal itself.
On the other side, most quantum states can not be teleported by the use of the stabilizer formalism [6, 14] . For such states, it is expectable not to bear a LHV model thus eventually giving rise to S > 2.
Without further ado, we emphasize: these observations force us plausibly to conclude that, in QIC processing, the use of an entangled state does not necessarily mean that (presumably on the more fundamental level of information processing) entanglement as information resource has actually been employed in the execution of the processing. The two observations are now in order: (i) we operationally distinguish between "entanglement as a characteristic of a quantum state" and "entanglement as information resource", and (ii) one may expect applicability of this distinction for every particular QIC operation employing entangled states.
Quantifying entanglement as information resource. -Implicit to Section 3 is the new role of BI as a "measure" of "entanglement as information resource". To see this, we need to abandon the standard approach to the issues of entanglement measures-i.e. to switch the perspective in this regard.
Actually, we do not refer to the concrete QIC tasks (e.g., to quantum teleportation) in quantifying entanglement. We refer to the following criterion (divide) in this regard that is implicit to the contents of Section 3:
classically implementable vs. classically non-implementable (10) information processing. The criterion (10) stems from the analysis of Section 3: it helps in deciding as to whether or not entanglement as a resource has been employed in the execution of the processing (the use vs. non-use of the stabilizer formalism), and still bears the obvious "measure"
in the order respective to (10); S ≤ 2 reveals un-use while S > 2 reveals the possible use of entanglement as information resource.
Discussion. -We emphasize the role of BI in quantifying entanglement not yet referring to BI as a measure in the mathematical sense. Our approach is operational (cf. [1] in this regard), with the possible benefits in both fundamental as well as the operational level of QIC theory.
The role of BI in quantifying entanglement is two-fold. First, it may decide (cf. Section 2) if a system is entangled or not. Second, BI may decide (Sections 3, 4) whether or not entanglement as information resource has been employed in the execution of a protocol/algorithm. These observations come from the switch in the perspective on the task of quantifying entanglementwhich led us to the two, mutually related, observations: of "entanglement relativity", and of the distinction between (in the simplified terms) "entanglement of a state" and of "entanglement as information resource". Let us carefully explain this switch.
The standard approach [1] to the issue of entanglement measures relies on the definition (cf. eq. (1)) of entanglement, while bearing the experience with the concrete QIC tasks (e.g., teleportation) as a background. Whilst bearing the same motivation-more entanglement gives operationally rise to better prformance of some task -our approach distinguishes some subtleties in this regard. As we show in Section 2, quantifying entanglement in respect to the definition, eq. (1), is operationally a bit tricky-which led us to the concept of "entanglement relativity". Having this in mind, we suggest a new (operational) approach in quantifying entanglement. That is, instead of referring to the concrete QIC task(s), we suggest the use of the criterion (10), which is as simple as general (context-free) a criterion in this regard. In this new perspective, we conclude that distinction between entanglement (by definition) and entanglement as information resource is both physically sound (pointing eventually to the more fundamental level in information processing), as well as quantifiable-by BI, eq. (11).
By imposing the criterion (11), we tackle the truly fundamental issue of QIC theory: 'whether entanglement appears ultimate to efficiency of certain QIC protocols/algorithms?'. Whilst the definite answer to this question is a remote goal of the theory yet, classifying the QIC tasks in respect to (10) and (11) might help at least in setting the (e.g., empirically-based) recipe(s) for designing the efficient QIC processing.
Finally, making connection of our results with the standard theory (cf. [1] and references therein) is not quite straightforward a task. As yet, the relations of BI with the standard entanglement measures (e.g., with the "concurrence" [9, 15] ) are only weakly established [9] and only weakly understood for the purposes of our considerations. Therefore, in this respect there is some research work yet to be done.
Conclusion. -The existing theory of entanglement measures essentially relies on the experience with certain efficient quantum information processing. Partly, we criticise this approach to the issue of quantifying entanglement. Actually, we point out some sutleties of the task of operationally quantifying entanglement, thus suggesting a new, context-free approach in this concern that relies on the divide "classically implementable vs. classically non-implementable" information processing. This way comes the double role of Bell-like inequalities in quantifying entanglement. Actually, BI may serve in deciding whether or not a system is in entangled state, as well as whether or not entanglement as information resource has actually been employed in the execution of the processing.
